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This note provides counter-examples to aconjecture of D.A. Holton on stability of graphs. It 
is shown that even though the automorphism groups of two graphs are identical, one may be 
stable while the other is not. 
Introduction 
All the basic graph-theoretic concepts used in this paper may be found in [1] 
and [2]. The symbol F(Gw) denotes the automorphism group of the subgraph Gw 
where W~ V(G), the vertex-set of the graph G. The subgroup of F(G) all of 
whose members fix each element of W~_ V(G), is denoted by F(G)w. A graph G 
is said to be semistable at v ~ V(G) if F(G~) = F(G)~. Similarly G is said to have 
stability index n, denoted SI G =n,  if there exists a sequence, vl, v2 . . . . .  vn of 
vertices of G of maximal ength, such that 
F(G ............ ) = F(G) ........ ~, for all k = 1, 2 . . . . .  n. 
If n = [ V (G) I ,  then G is said to be stable. If no such sequence xists, then G is 
said to have stability index zero or to be an unstable graph. 
In [2], D.A. Holton has conjectured that "For  graphs G and H, if G, (~, H, JQ 
all are connected graphs and if F (G)= F(/-/), then G is stable if H is". Similar 
conjectures arise for unstability and also in cases where G and H are connected 
and t3 and/ - t  are not. 
A counter-example to the case F(G1)= F(G2), where G1, G2, t~x and t~ 2 are 
connected, is given by H.P. Yap in [3]. We found that the example given is not 
correct. In the given example F(G1)~ F(G2). In this paper we disprove Holton's 
conjecture and give correct counter-examples. 
Proposition 1. Given graphs O and H such that F(G) = F(H) and G, G, H, ffI all 
are connected graphs, then G may not be stable while H is a stable graph. 
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Proof. To show this, we offer the following example. The labelled graph G is of 
stability index equal to 5. Members of a partial stabilizing sequence are 
(8, 9, 7, 6, 1) where F(G) = {/, (25) (34) (98), (98), (25) (34)}. 
The graph H is stable, having stabilizing sequence (7, 1, 6, 3, 2, 4, 5, 9, 8) 
where F(/-/)= {/, (25)(34)(98), (98), (25)(34)} and F(G)= F(H). The graphs G, 
G, H and/4 all are connected. See Fig. 1. 
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Fig. 1. 
Proposition 2. Given connected graphs G and H such that F(G) = F(H) while 
and f-I are not connected, then G may not be stable even though H is a stable graph. 
Proof. In the following example, the labelled graph G is of stability index three 
with partial stabilizing sequence (6, 7, 1) where F(G)={/', (25)(34)(67), (67), 
(25) (34)}. 
The graph H is stable with stabilizing sequence (1, 4, 5, 3, 2, 6, 7) where 
F(H) = {I, (25) (34) (67), (67), (25) (34)}. 
The groups F(G) and F(H) are identical. G and H are connected, and G and/-t 
are disconnected graphs. See Fig. 2. 
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Fig. 2. 
Proposition 3. Given graphs O and H such that F(G) = F(H) with G, G, H and f-I 
all connected, then G may not be unstable even though H is an unstable graph. 
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lh~mt. In the following, the graph G is of stability index 1, being semi-stable at 
the vertex 1 and 8. The group F(G) = {/, (18) (27) (36) (45)}. 
The graph H is unstable and F(/-/)= {/, (18)(27)(36)(45)}. 
The groups F(G) and F(/-/) are identical and all of G, G, H and /-I are 
connected. See Fig. 3. 
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Fig. 3. 
Proposition 4. Given connected graphs G and H such that F(G)= F(H) and t3 
and FI are not connected, then G may not be unstable ven though H is an unstable 
graph. 
lh~mf. In the following example, SI G equal to one, G is semistable at vertex 3. 
The group 
r(G) = {t, (15) (24), (611) (710) (89), (15) (24) (611) (710) (89)}. 
The graph H is unstable being the join of two unstable graphs P5 and P6. The 
group 
F(H) = {I, (15) (24), (611) (710) (89), (15) (24) (611) (710) (89)}. 
The groups F(G) and F(H) are identical. The graphs G and H are connected 
while t~ and/-I are disconnected. See Fig. 4. 
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Fig. 4. 
Similarly other counter-examples can be constructed. 
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